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We study parametric quantum pumping in a two-dimensional topological insulator bar in the pres-
ence of electron interactions described by an helical Luttinger liquid. The pumping current is
generated by two point contacts whose tunneling amplitudes are modulated in time. The helical
nature of the edge states of the system ensures the generation of a pumped spin current that is
determined by interference effects related to spin-flipping or spin-preserving tunneling at the quan-
tum point contacts and which can be controlled by all electrical means. We show that the period of
oscillation and the position of the zeros of the spin current depend on the strength of the electron
interactions, giving the opportunity to directly extract information about them when measured.
PACS numbers: 73.23.-b, 72.25.Pn, 71.10.Pm
I. INTRODUCTION
In recent years the edge states of two dimensional
topological insulators (2D TIs), showing the quantum
spin Hall (QSH) effect, have been subject of attention
from the condensed matter community.1,2 These states
have been theoretically predicted in graphene layers with
spin-orbit interaction3,4 and strained semiconductors5
and experimentally observed in Mercury-Telluride quan-
tum wells.6–8 Their most relevant feature is the helicity9,
namely the fact that opposite spins propagate in opposite
directions along the same edge. As far as time reversal
symmetry is preserved, the backscattering between these
different spin channels is indeed suppressed.10
Till now various proposals have been made in order
to extract information about the helical nature of the
edge states and their stability by means of transport
measurements, including the investigation of the Kondo
effect9,11–13, the analysis of peculiar geometries like the
corner junction14 and the study of possible backscat-
tering processes involving only one edge.9 In the sim-
ple quantum point contact (QPC) geometry15 signa-
tures of helicity and electron-electron interactions can be
found in the power-law behavior of the spin current as
a function of the source-drain voltage in a two terminal
configuration.16,17
Recently, also interferometric setups, similar to the
ones that have already provided hints about the exis-
tence of fractional charge and fractional statistics in the
framework of the quantum Hall (QH) effect18, have been
proposed.19–22 In the context of QSH effect, the existence
of two spin direction, with a defined helicity makes the in-
terferometric properties of the four terminal setup, shown
in Fig.1, much richer. The fact that edge states with op-
posite spins, and belonging to different boundaries, are
constrained to be close at the QPCs, as shown in Fig. 1,
activates a local spin-orbit coupling that can be modeled
phenomenologically by a spin-flipping tunneling term in
the Hamiltonian. The presence of a spin-flipping tun-
neling (SF) term, apart the usual spin-preserving (SP)
one, has deep consequences on the interferometric prop-
erties of the set-up. In fact, if the spin is preserved
during tunneling, the electron reverses its direction of
propagation giving rise to ”Fabry-Pe´rot” (F-P) interfer-
ence phenomenon when traveling along the c losed loop
shown in Fig. 2, while if the electron flips its spin dur-
ing the tunneling, it keeps moving in the same direction
giving rise to ”Aharonov-Bohm” (A-B) interference phe-
nomenon, where the role of the F-P or A-B flux is played
by the sum or the difference of the external gate voltages
coupled to top and bottom edges.19 Let us note that the
A-B-like effect is absent in QH interferometers, since elec-
trons are polarized by strong magnetic fields. Moreover,
differently from QH interferometers, in QSH ones, F-P
and A-B effects can be controlled independently, permit-
ting to generate pure charge or pure spin currents by all
electrical means.19
Two important issues which have not been widely in-
vestigated in such interferometer setups are the role and
strength of interactions within edge channels and the role
of the local spin-orbit interaction which determine the SF
contributions to the current. The novelty of this work re-
lies indeed on this twofold extension of previous analysis.
From one side, in comparison with Ref. 21 we consider a
fully electrical set-up which is very versatile and allows to
analyze the F-P and the A-B contribution to the current
in a totally independent way avoiding possible drawback
related to the presence of magnetic field. Moreover, in
comparison with Refs.20,22 we investigate the interact-
ing case that reveals by far not trivial at all and requires
the introduction of totally different techniques with re-
2spect to the scattering matrix approach previously taken
into account.
To address these questions, in our work we propose to
realize an interacting quantum pump23 with the interfer-
ometric setup of Fig.1 where the time-dependent modu-
lation of the point contacts potentials allows to change
the ratio between the SP and the SF contribution to the
current. Differently from other proposals (see Ref. 24),
the relative strength of the two contributions to tunneling
currents is not determined by the constriction geometry,
but can be conveniently controlled by tuning the forc-
ing signals. One of the effects we find is the different
behavior, with respect to the pumping frequency, of two
modulating functions characterizing the spin-preserving
and the spin-flipping contribution to the current. More-
over by means of the pump, spin currents are generated
and controlled fully electrically. We will show that the
behavior of the spin current, in particular the period of
oscillation and the position of the zeros, is determined
by the strength of the interactions, as well as the values
of the F-P and A-B phases. This will allow us to find a
way to extract information about the strength of inter-
actions from the analysis of interference patterns. Since
the setup is full electrically controllable, the study of the
effects of the interactions can be carried out in a variety
of different scenarios that could be investigated in future
experiments.
The paper is organized as follows. In Sec. II we introduce
the helical Luttinger liquid description for the edge states
of the 2D TIs. We describe the two QPCs geometry in
which a DC spin current can be generated by means of
periodically driven tunneling amplitudes out of phase. In
Sec. III we analyze the SP and SF contributions to the
spin current. The universality of the pumped spin charge
as a function of the interactions is also discussed. Sec-
tion IV contains the analysis of the patterns of the spin
current generated by F-P and A-B interference-like ef-
fect. These are shown to be strongly dependent on the
strength of the electron-electron interactions along the
edges, thus allowing to extract information about the in-
teractions themselves. Section V is devoted to conclu-
sions.
II. MODEL
We consider the QSH system in a four-terminal geom-
etry shown in Fig. 1, with a single Kramers doublet of
helical edge states on each edge. Due to their helical
properties9 one can consider right-moving spin up and
left-moving spin down electrons on the top edge (T ) and
the opposite on the bottom edge (B) (see Fig 1). The
corresponding Hamiltonians for free electrons are14,16
HT (B) = −i~vF
∫
dx
(
: Ψ†R,↑(↓)∂xΨR,↑(↓)
−Ψ†L,↓(↑)∂xΨL,↓(↑) :
)
(1)
Figure 1: (Color online) Top view of the four terminal inter-
ferometric setup. On the top edge one has right-moving spin
up electrons (full line) and left-moving spin down electron
(dashed line). The opposite holds for the bottom edge. The
amplitudes of both SP (red) and SF (blue) electron tunneling
at the QPCs placed at x = ±a are modulated in time with a
frequency ω and phase difference θ. The presence of the top
(VT ) and bottom (VB) gates can lead to a mismatch between
the Fermi levels of the two edges (k
(T )
F 6= k(B)F ). Shaded grey
areas indicate the unbiased terminals.
where ΨR,↑ (ΨL,↑) annihilates right (left)-moving elec-
tron with spin up, and analogous for the spin down, and
vF is the Fermi velocity. With : ... : we indicate the
normal ordering.
Concerning electron-electron interactions, the only
terms that preserve the time-reversal symmetry of the
system25 are the dispersive
Hd = g2⊥
∫
dx :
(
: Ψ†R,↑ΨR,↑ :: Ψ
†
L,↓ΨL,↓ ::
+ : Ψ†L,↑ΨL,↑ :: Ψ
†
R,↓ΨR,↓ :
)
: (2)
and the forward scattering
Hf =
g4‖
2
∑
ν=R,L;σ=↑,↓
∫
dx :
(
: Ψ†ν,σΨν,σ :: Ψ
†
ν,σΨν,σ :
)
: .
(3)
We will neglect possible Umklapp terms, which are rel-
evant only at certain commensurate fillings and at very
intense repulsive interaction strength.9
Through the standard bosonization technique26,27 one
can write the electronic operators as
ΨR,↑(x) =
FR,↑√
2piα
eik
(T )
F
xe−i
√
2piϕR,↑(x) (4)
ΨL,↓(x) =
FL,↓√
2piα
e−ik
(T )
F
xe−i
√
2piϕL,↓(x) (5)
ΨR,↓(x) =
FR,↓√
2piα
eik
(B)
F
xe−i
√
2piϕR,↓(x) (6)
ΨL,↑(x) =
FL,↑√
2piα
e−ik
(B)
F
xe−i
√
2piϕL,↑(x) (7)
with ϕR/L,σ(x) (σ =↑, ↓) bosonic fields, FR/L,σ Klein fac-
tors necessary to give the proper commutation relations
3between electrons belonging to different edges, α a finite
length cut-off; k
(T )
F and k
(B)
F are the Fermi momenta on
the top and bottom edge respectively. Their expression
in the presence of the applied gate voltages VT and VB
is k
(T,B)
F = kF + κT,B being κT,B = K
eVT,B
~vF
(see below
for a precise definition of the Luttinger parameter K).
Note that k
(T,B)
F reduce to the non-interacting ones
19,22
for K = 1, as expected.
The bosonic fields ϕR/L,σ(x) are related to the electron
density along the edges through26,27
ρR/L,σ(x) = ∓
1√
2pi
∂xϕR/L,σ(x). (8)
It is useful to introduce the helical basis for the bosonic
fields on the upper and lower edge21,26,27
ϕT (B)(x) =
1√
2
[
ϕL,↓(↑)(x)− ϕR,↑(↓)(x)
]
, (9)
with the canonically conjugated fields
ΘT (B)(x) =
1√
2
[
ϕL,↓(↑)(x) + ϕR,↑(↓)(x)
]
. (10)
The low energy Hamiltonian assumes the typical form of
an helical Luttinger liquid14,16,17,28
Heff = v
2
∑
i=T,B
∫
dx
[
1
K
(∂xϕi)
2 +K (∂xΘi)
2
]
, (11)
with K =
√
2pivF ~+g4‖−g2⊥
2pivF ~+g4‖+g2⊥
the interaction strength and
v = vF
√(
1 +
g4‖
2pivF~
)2
−
(
g2⊥
2pivF ~
)2
the renormalized ve-
locity. In the following we will consider a pure Coulomb
repulsion (g4‖ = g2⊥ > 0) with v = vF /K and K < 1.
In order to avoid possible gapping effects associated to
the Umklapp terms9 or the presence of additional multi-
ple electrons tunneling contribution15,29 we restrict our
analysis in the interval 1/
√
3 ≤ K < 1.
Tunneling events become allowed when the top and
bottom edge states are pinched through two QPCs as
shown in Fig. 1. The only electron tunneling Hamiltoni-
ans that preserve time-reversal symmetry are22,30:
Hsp =
∑
σ=↑,↓
~
∫ +∞
−∞
dx
{
γsp(x)Ψ
†
R,σ(x)ΨL,σ(x)
}
+ h.c.,
(12)
and (ξR,L = ±)
Hsf =
∑
ν=R,L
~ξν
∫ +∞
−∞
dx
{
γsf (x)Ψ
†
ν,↑(x)Ψν,↓(x)
}
+ h.c.,
(13)
which represent the SP and SF contribution to tunneling
respectively. The latter term is strictly zero for inversion
symmetric systems due to spin conservation, however the
presence of local gates and deformations of the edges at
the QPCs locally can induce a spin-orbit coupling leading
to SF processes. This fact has been already investigated
both starting from the model proposed by Bernevig et
al. in Ref. 6 for the band structure24 and in terms of
phenomenological descriptions.15,19,21,22,31
In order to generate a DC spin current in absence of
external bias one needs time-dependent tunneling am-
plitudes. They can be rendered time-dependent by pe-
riodically driven local electrostatic gates placed at the
location of the QPCs, x = ±a:
γj(x, t) = λj [δ(x+ a) cos(ωt+ θ) + δ(x − a) cos(ωt)]
(14)
with λj (j = sp, sf) real parameters according to the
requirement of time-reversal invariance, ω the pumping
frequency and θ a phase shift assumed for simplicity equal
for both SP and SF term.32
In the following we will calculate the spin current by a
perturbative expansion up to the first order in the tun-
neling Hamiltonians Hsp and Hsf (second order in λsp
and λsf ).
Figure 2: (Color online) Two possible closed paths which cor-
respond to (a) Fabry-Pe´rot and (b) Aharonov-Bohm interfer-
ence effect induced by SP and SF tunneling events, respec-
tively.
The last term in the total Hamiltonian is given by the
coupling to the top and bottom gates, which reads:
Hg =
∫ a
−a
dx eVT [−∂xϕR↑(x) + ∂xϕL↓(x)]
+ eVB [−∂xϕR↓(x) + ∂xϕL↑(x)] . (15)
The gate voltages VT and VB shift the electronic spec-
trum and their difference breaks the degeneracy between
4top and bottom boundaries leading to different values of
the Fermi momenta k
(T,B)
F .
III. SPIN CURRENT
We focus the attention on the pumped spin current
flowing in the system, defined as22
Ispin(t) = qs
(
N˙R,↑ − N˙L,↓
)
(16)
where qs is the quantum of spin ~/2 and
Nν,σ =
∫ +∞
−∞
dx : Ψ†ν,σ(x)Ψν,σ(x) : . (17)
The charged current flowing into the system can be ob-
tained in an analogous way by exploiting the general rela-
tions derived in the so called XYZ decomposition15 that
holds for helical edge states in a four-terminal setup. The
spin current is given by two contributions coming from
the tunnelings (12) and (13):
Ispin(t) = Isp(t) + Isf (t). (18)
The former
Isp(t) = −iqs
∑
σ=↑,↓
∫ +∞
−∞
dxγsp(x, t)Ψ
†
R,σ(x)ΨL,σ(x)+h.c.
(19)
is associated to SP tunneling, while the latter
Isf (t) = −iqs
∑
ν=R,L
ξν
∫ +∞
−∞
dxγsf (x, t)Ψ
†
ν,↑(x)Ψν,↓(x)+h.c.
(20)
is associated to SF tunneling.
The expectation value of the spin current in Eq. (18) is
given, according to the Keldysh contour formalism (see
Refs. 33–35 and references therein for detailed discus-
sions), by
〈Ispin(t)〉 =
∑
j=sp,sf
〈Ij(t)〉 (21)
with
〈Ij(t)〉 = 1
2
∑
η=±
〈TK
{
Ij(tη)e−i
∫
C
dt1Hj(t1)
}
〉 (22)
where all the operators have to be considered in the in-
teraction picture with respect to Heff in Eq. (11) and we
put ~ = 1. The time-ordering along the Keldysh contour
C is indicated by TK and η = ± labels the upper and the
lower branch of the contour respectively.
At the first order in the tunneling Hamiltonians one
has the contribution
〈Ij(t)〉 = − i
2
∑
η,η1=±
η1
∫ +∞
−∞
dt1〈TKIj(tη)Hj(tη11 )〉 (23)
where the thermal average is taken with respect to the
ground state ofHeff . Let us note that the main contribu-
tions to 〈Isp(t)〉 and 〈Isf (t)〉 come from the interference
effects of the wavefunctions (4)-(7) traveling along closed
paths between the two QPCs. When only SP tunnel-
ing is taken into account the interference will be of F-P
type and the phase acquired by the electron along the
path is φFP = 2
(
k
(T )
F + k
(B)
F
)
a ∝ (VT + VB), while if
only SF tunneling is considered the interference will be
of A-B type and the phase acquired by the electron will
be φAB = 2
(
k
(T )
F − k(B)F
)
a ∝ (VT − VB). Some of the
closed paths which give raise to F-P and A-B interference
and their link to the tunneling processes, SP or SF, are
shown in Fig. 2.
Let us also note that, given the tunneling time-
dependence in Eq. (14), the spin-current will include
a DC contribution (pumped current) and an AC contri-
bution of frequency 2ω. In the following we will focus on
the DC component only. In this case one has
〈IspinDC (ω)〉 = 〈IspDC(ω)〉+ 〈IsfDC(ω)〉 (24)
where
〈IspDC(ω)〉 =
iqsλ
2
sp
pi2α2
sinφFP sin θ∫ +∞
−∞
dτ sin(ωτ)e[WR(2a,τ)+WL(2a,τ)](25)
and
〈IsfDC(ω)〉 =
iqsλ
2
sf
2pi2α2
sinφAB sin θ
∑
ν=R,L
∫ +∞
−∞
dτ sin(ωτ)e2Wν(2a,τ) (26)
where φFP/AB are the F-P and A-B like phases
19,20,22
that can be controlled independently, simply by varying
the external gate voltages. It is worth to note that a
non zero phase difference in the time dependence of the
tunneling amplitudes of the two QPCs (θ 6= 0) is crucial
in order to have a DC component of the spin current.
This is in agreement with the general statements of the
parametric pumping.23
The bosonic Green’s functions that appear in the Ker-
nel of the integrals above are36–38
WR/L(x, t) = 2pi〈
[
ϕR/L,σ(x, t) − ϕR/L,σ(0, 0)
]
ϕR/L,σ(0, 0)〉
= c
(+/−)
K W+(x, t) + c(−/+)K W−(x, t) (27)
with
W±(x, t) =W
(
t∓ x
v
)
(28)
and
W(t) = ln


∣∣∣Γ(1 + kBTωc − ikBT t
)∣∣∣2
Γ2
(
1 + kBTωc
)
(1 + iωct)

 . (29)
5Here
c
(±)
K =
1
4
(√
K ± 1√
K
)2
(30)
are the interaction dependent coefficients, Γ(x) is the Eu-
ler Gamma function39, T the temperature and ωc = v/α
the energy bandwidth. This latter quantity fixes the limit
of validity of the helical Luttinger liquid description and
can be related to the energy gap between the bulk con-
duction and valence bands of the heterostructure which,
in realistic experimental setup1,7,14, is ∆ ≈ 30 meV. Ac-
cording to this assumption one has ωc ∼ ∆/~ ≈ 50 THz
that represents by far the greatest frequency involved in
the problem.
We need now to explicitly evaluate the integrals in Eqs.
(25) and (26). Analogous integrals have already been
calculated in Refs. 18,21, therefore in the following we
only report the main results, while the key points of the
derivation are recalled in Appendix A (zero temperature
case) and B (finite temperature case).
At zero temperature the SP and SF current contributions
can be written respectively as
〈IspDC〉 =
λ2spqs
2pi2α2
sin θ sinφFPH
(0) (dK ,Kω/ω0) P˜(0)2dK (ω)
(31)
and
〈IsfDC〉 =
λ2sf qs
2pi2α2
sin θ sinφAB
J (0)
(
2c
(+)
K , 2c
(−)
K ,Kω/ω0
)
P˜(0)2dK (ω), (32)
where H(0) and J (0) are proper modulating functions
whose explicit form is derived in Appendix A and P(0)α is
the zero temperature electronic Green’s function in the
energy space (see Eq. (A5)).
Analogously for the finite temperature case one has (see
Appendix B)
〈IspDC〉 =
λ2spqs
2pi2α2
sin θ sinφFPH (dK ,Kω/ω0,KkBT/ω0)[
P˜2dK (ω, T )− P˜2dK (−ω, T )
]
(33)
and
〈IsfDC〉 =
λ2sf qs
2pi2α2
sin θ sinφAB
J
(
2c
(+)
K , 2c
(−)
K ,Kω/ω0,KkBT/ω0
)
[
P˜2dK (ω, T )− P˜2dK (−ω, T )
]
. (34)
where now both the modulating functions H , J and the
electronic Green’s function Pα are evaluated at non zero
temperature T .
Note that on the above equations we introduced the short
notations
dK = c
(+)
K + c
(−)
K =
1
2
(
K +
1
K
)
(35)
and ω0 = vF /2a.
A. Universality of the pumped spin
The pumped spin charge is obtained by integrating
the DC spin current in Eq. (24) over a period, i.e.
Qs = 2pi〈IspinDC 〉/ω. One can immediately see that, per-
turbatively, the spin charge pumped in a period is pro-
portional to the area in the parameter space encircled
by the pumping parameters, i.e. qsλ
2
i sin θ (i = sp, sf)
and is a non-universal quantity. A universal behavior for
the pumped spin charge in a cycle can be inferred when
linking it to the renormalization fixed points of the he-
lical LL with a single impurity.40–42 The main argument
is the following. The spin current originates from the
non-equilibrium SP and SF contribution, due to the ex-
plicit time dependence in the tunneling Hamiltonian in
Eq. (12-13). This is in contrast to the DC current gen-
erated by a source-drain voltage: I = Id − Ib. In this
case there are two distinct contributions to the current:
the direct one Id, arising from the applied DC voltage
and a backscattered part Ib. In the case of a quantum
pump, no source-drain voltage is applied, so there is no
direct contribution (Id = 0). Therefore, the DC pump-
ing current arises from the backscattering term (in our
case both spin-preserving and spin-flipping backscatter-
ing are contributing): Ip = −Ib. To have a quantized spin
charge pumped in a cycle, one requires that backscatter-
ing becomes a relevant operator, driving the system to an
insulating fixed point. Since a relevant backscattering is
equivalent to an irrelevant tunneling, given the renormal-
ization group flow for the spin-flip and spin-preserving
tunneling dλidl =
(
1− (K−1 +K)/2)λi, the condition is
satisfied whenever (K−1 + K)/2 > 1. The res ult is a
perfectly quantized spin charge and the quanta are given
by the winding number of the total backscattering am-
plitude.
IV. RESULTS
A. Modulating functions
Before entering into the details of the behavior of the
spin current, it is useful to analyze the peculiar forms of
the modulating functions both at zero and finite tem-
perature whose functional expressions are reported in
Appendices A and B. Fig. 3 (a) shows H(0) for differ-
ent values of the interaction strength K as a function of
ω/ω0. As already discussed in Ref. 18, in the framework
of the interferometric properties of the fractional quan-
tum Hall effect, it shows an oscillating and rapidly de-
caying behavior as a function of the pumping frequency
due to the presence of the Bessel function. These os-
cillations are related to the finite distance between the
QPCs. For very close point contacts this behavior disap-
pears. The envelope of the curves decreases algebraically
as (ω/ω0)
− 12 (K+1/K) (see Eq. (A4)). The zeros of this
6function are given approximatively by
ω/ω0 ≈ pi
K
[
n+
(1 + dK)
2
]
n ∈ N (36)
moving to higher frequencies by decreasing K. Conse-
quently the number of observed oscillations in the con-
sidered range of frequencies decrease by increasing the
interaction.
An analogous behavior can be found for the modulat-
ing function J (0) (see Fig. 3 (b)) that is related to the
SF tunneling processes. Here, the zeros can be found at
ω/ω0 ≈ pi
K
(
dK
2
+ n
)
(37)
and, in the considered range of interactions 0.6 ≤ K ≤
1, the oscillations are only slightly suppressed at high
frequency, with an envelop given by (ω/ω0)
1− 12 (K+1/K).
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Figure 3: (color online) Modulating functions (a)
H(0)(dK ,Kω/ω0) and (b) J
(0)(2c
(+)
K , 2c
(−)
K ,Kω/ω0) as a func-
tion of ω/ω0 forK = 1 (non-interacting case, full black curve),
K = 0.8 (dashed green curve) andK = 0.6 (short dashed blue
curve).
The comparison with the finite temperature case is
shown in Fig. 4 for K = 0.6 and T ≤ T0 = ω0/kB
(analogous results can be found for other values of the
interaction). It is possible to note that oscillations of H
in Eq. (B4) (see Fig. 4 (a)) are progressively suppressed
by increasing the temperature. However, the periodicity
and the zeroes positions are not affected. The function
J in Eq. (B5) is only slightly affected by the tempera-
ture with respect to H , as can be seen in Fig. 4 (b), so
spin-flipping tunneling terms are quite robust and dom-
inate the transport at high enough frequency and over
a large temperature range. This is a consequence of the
differences in the interference paths induced by the heli-
cal properties of the edge states (see Fig. 2).19,21,22 For
T ≫ T0 (temperature regime that is out of the aim of
this paper) the features of both modu lating functions
are washed out and additional tunneling processes need
to be taken into account (see Ref. 21 for a detailed dis-
cussion of this regime). Note that at very low frequency
(ω ≪ ω0), the effects of the modulating functions be-
comes less important (H, J ≈ 1), although one notices a
dependence of the concavity on the interaction K.40
Assuming a ≈ 1 µm and vF ≈ 105 m/s, as appears from
experiments7,14,16,43, one obtains ω0 ≈ 50 GHz44 and
consequently T0 of the order of hundred mK that have
to be compared with the typical temperature at which
experiments are carried out.7,8
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Figure 4: (Color online) Modulating functions as a function
of ω/ω0 for K = 0.6 at various temperatures: kBT = 0 (full
black curve), kBT = 0.2ω0 (dashed green curve) and kBT =
ω0 (short dashed blue curve). (a) H(dK ,Kω/ω0,KkBT/ω0)
and (b) J(2c
(+)
K , 2c
(−)
K ,Kω/ω0,KkBT/ω0).
B. Current
The evolution of the SP and SF current contribu-
tions at finite temperature, as a function of the pump-
ing frequency ω, is shown in Fig. 5 for different val-
ues of interactions. The behavior is dominated by the
power-law behavior typical of helical Luttinger liquids
P˜(0)2dK (ω) ∝ (ω/ωc)K+
1
K
−1, already predicted for the cur-
rent as a function of the source-drain bias16,17, strongly
modulated by the oscillating functions H (Fig. 5 (a)) and
J (Fig. 5 (b)) respectively. The different envelop power
7law between H(0) and J (0) (cf. Fig. 3) creates a quali-
tatively different behavior between the SP and SF con-
tributions to the current. Namely, even in the presence
of moderate interactions (K > 0.6) the SF contribution
may dominate at high frequencies.
Fig. 6 shows the total DC pumped spin current. Ac-
cording to the previous considerations, at high frequency
(above some unity of ω0), this quantity is driven only
by the SF contribution due to the algebraic damping of
the SP one, therefore a detailed study of this regime can
provide important information about the role played by
this kind of processes in the dynamics of the system. Let
us note that the physically relevant regime is the one up
to the first zero of the current and here two interesting
features take place related to electron interactions: both
the concavity and the location of the zero of the spin
current depend on the interaction. A measurement of
such characteristics could give information on the inter-
action strength itself. To be more precise the location of
the zeroes of the current allows to extract the value of
K/ω0 and this, together with independent measurements
of the point contact distance a and the Fermi velocity vF ,
makes possible to obtain the value of K. In general the
position of the zeroes is a complicated function that is
affected both by SP and SF contribution but, by prop-
erly acting on the value of the F-P and A-B phase, it is
possible to alternatively turn them on and off leading to
a simplification.
Even more interesting is the dependence of the cur-
rent on the Fabry-Pe´rot and Aharonov-Bohm phase as
a function of the pumping frequency and the interac-
tion. As already shown in the non-interacting case one
expects very intriguing patterns.22 This is due to the dif-
ferent modulations in amplitude and sign of the SP and
SF contributions to the spin current. Some examples of
these patterns are shown in Fig. 7 for various frequen-
cies and at fixed interaction (K = 0.8). At low pumping
frequency (left panel) both the SP and SF contributions
affect the current leading to clear periodicities both in
φFP and φAB.
45 The amplitude of the oscillations de-
pends on the ratio λsf/λsp. Usually in literature these
tunneling amplitudes are assumed to have a comparable
order of magnitude, with λsp > λsf .
15,19,22,24,46
The bare parameters λsp,sf characterize the QPC tun-
neling properties and are fixed by the geometry of the
constriction when it is realized by using an etching pro-
cedure. However the relative strength of λsf,sp is dynam-
ically renormalized by the ac driving (pumping) as can
be deduced by the Eqs. (31)-(32) where the renormal-
ized quantities λ∗sp = λsp
√
H(...), λ∗sf = λsf
√
J(...) can
be recognized. The dynamical renormalization allows to
change the ratio λ∗sf/λ
∗
sp compared to its zero-frequency
value (i.e. λsf/λsp) allowing to explore the full interfer-
ence pattern. In this way the ratio 〈Isp(ω)〉/〈Isf (ω)〉 can
be controlled by acting on the pumping frequency. Thus
the pumping-driven interferometer proposed here allows
to amplify or deplete the effective value of λ∗sf assuming
its bare value to be non-vanishing.
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Figure 5: (Color online) (a) SP and (b) SF contributions to
the DC spin current (in units of I0 =
qsλ
2
sp
2pi2α2ωc
sin θ and I˜0 =
qsλ
2
sf
2pi2α2ωc
sin θ respectively) as a function of ω (in units of ω0)
for: K = 1 (non-interacting case, full black curves), K =
0.8 (dashed green curves) and K = 0.6 (short dashed blue
curves). Other parameters are: ω0/ωc = 2 × 10−4, φFP =
φAB = pi/4 (mod 2pi) and T/T0 = 0.4.
The comparison with measurements on interfering pat-
terns will allow to extract the relative weights of the bare
parameters λsp,sf .
According to the previous considerations, in this kind
of setup it is therefore possible to fine tune the pumping
frequency in such a way to make null the SF contribution
to the spin current but still keeping the SP one finite; in
this case it is possible to note a periodic pattern with
respect to φFP only (right panel of Fig.7). Due to the
robustness of the modulating function J associated to
the SF contribution with respect to thermal effects and
its quite negligible decay at high frequency, the experi-
mental observation of vertically striped picture of Fig.7
represents a very precise measurement of the positions of
the zeroes of the SF contribution (see Eq. (37)) and con-
sequently of the value of the interaction strength among
the electrons. In the opposite case, when the SP contri-
bution is null and the SF one is different from zero, one
has horizontally striped patterns driven only by φAB (not
shown).
The dependence of the interference path on interaction
strength along the edge can be seen in Fig. 8 where the
interacting (left panel) and non-interacting (right panel)
spin currents are shown at the same pumping frequency.
While the left panel clearly shows a vertically striped pat-
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Figure 6: (Color online) Spin current Ispin(ω) (in units of I0 =
qsλ
2
sp
2pi2α2ωc
sin θ) as a function of ω (in units of ω0) for: K = 1
(non-interacting case, full black curves), K = 0.8 (dashed
green curves) and K = 0.6 (short dashed blue curves). Other
parameters are: ω0/ωc = 2 × 10−4, λ2sf/λ2sp = 0.5, φFP =
φAB = pi/4 (mod 2pi) and T/T0 = 0.4 (T0 = ~ω0/kB). The
inset shows the physically relevant regime where the first zero
of the current appears.
tern signature of a null SF contribution, the right one is
more similar to the top left picture of Fig. 7 because of
the finite contribution of both the SF and the SP terms.
It is worth to note that one needs the presence of both
SP and SF tunneling processes occurring at the QPCs in
order to observe the rich variety of interference patterns
described above, nevertheless the results remain quali-
tatively the same also when their relative strength is
smaller then the one considered here. From the above
discussions, it follows that the presence of spin-flipping
terms can be experimentally verified via interference pat-
terns.
V. CONCLUSIONS
We proposed an interacting and parametric quantum
pump for the helical edge states of a two-dimensional
topological insulator in a four-terminal set-up. Here, a
DC pumped spin current is induced by periodically mod-
ulating in time spin-preserving and spin-flipping electron
tunneling amplitudes out of phase. We analyzed the con-
tributions of these processes to the spin current both at
zero and finite temperature. We found that the power-
law behavior typical of the helical Luttinger liquid ex-
pected for the spin current in a single QPC is strongly
affected by interference phenomena of Fabry-Pe´rot and
Aharonov-Bohm type whose effect is encoded into mod-
ulating functions for the current. We investigated the
Figure 7: (Color online) Density plot of the spin cur-
rent Ispin(ω) (normalized with respect to Ipoint(ω,T ) =
qsλ
2
sp
2pi2α2
sin θ
[
P˜2dK (ω, T )− P˜2dK (−ω, T )
]
) as a function of the
Fabry-Pe´rot φFP (x axis) and Aharonov-Bohm φAB (y axis)
phases for different pumping frequency: ω/ω0 = 0.4 (left
panel), ω/ω0 = 2 (right panel). Other parameters are:
T/T0 = 0.4, λ
2
sf/λ
2
sp = 0.5 and K = 0.8.
Figure 8: (Color online) Density plot of the spin cur-
rent Ispin(ω) (normalized with respect to Ipoint(ω) =
qsλ
2
sp
2pi2α2
sin θ
[
P˜2dK (ω, T )− P˜2dK (−ω, T )
]
) as a function of the
Fabry-Pe´rot φFP (x axis) and Aharonov-Bohm φAB (y axis)
phases for interaction K = 0.8 (left panel) and K = 1
(right panel, non-interacting case). Other parameters are:
ω/ω0 = 2, T/T0 = 0.4 and λ
2
sf/λ
2
sp = 0.5.
interference patterns of the spin-current and its depen-
dence on Fabry-Pe´rot and Aharonov-Bohm phases con-
trolled by external electrical gates. The measurement of
their shape, and in particular the locations of their zeros,
represents an important tool in order to extract informa-
tion about the presence of spin-flipping terms and on the
strength of the electron-electron interaction in the sys-
tem.
Recent achievements in interferometric devices with in-
teger quantum Hall states47 make us confident about the
feasibility of a quantum pump for helical edges states in
topological insulators.
Appendix A: Current contributions at zero
temperature
At zero temperature, Eq. (29) reduces to
W(0)(t) = − ln (1 + iωct) , (A1)
9therefore the SP term to the current can be written as
〈IspDC〉 =
λ2spqs
2pi2α2
sin θ sinφFPH
(0) (dK ,Kω/ω0) P˜(0)2dK (ω)
(A2)
where
dK = c
(+)
K + c
(−)
K =
1
2
(
K +
1
K
)
(A3)
and ω0 = vF /2a.
In Eq. (A2) appears the modulating function18,48
H(0)(ξ, x) =
√
pi
Γ(2ξ)
Γ(ξ)
Jξ− 12 (x)
(2x)ξ−
1
2
, (A4)
with Jξ− 12 (x) Bessel function of the first kind39 and
P˜(0)ξ (ω) =
2pi
Γ(ξ)ωc
(
ω
ωc
)ξ−1
e−ω/ωcθ(ω) (A5)
is the Fourier transform of the zero temperature elec-
tronic Green’s function P(0)ξ (t) = eξW
(0)(t).
In an analogous way the SF contribution reads
〈IsfDC〉 =
λ2sf qs
2pi2α2
sin θ sinφAB
J (0)
(
2c
(+)
K , 2c
(−)
K ,Kω/ω0
)
P˜(0)2dK (ω), (A6)
that depends on the other modulating function
J (0)(ξ1, ξ2, x) =
1
2
[
e−ix1F1 (ξ1, ξ1 + ξ2; 2ix)
+e−ix1F1 (ξ2, ξ1 + ξ2; 2ix)
]
(A7)
with 1F1(a, b; z) the Kummer Hypergeometric confluent
function.39 Note that the above function admits the limit
J (0) (2, 0, x) = cosx and J (0) (ξ, ξ, x) = H(0) (ξ, x).49
Appendix B: Current contributions at finite
temperature
At finite temperature, as long as kBT ≪ ωc and ωct≫
1, Eq. (29) reduces to
W(t) ≈ pikBT t
sinh (pikBT t)
. (B1)
Also in this case it is possible to write the SP and SF
contributions to the spin current in a factorized way as
〈IspDC〉 =
λ2spqs
2pi2α2
sin θ sinφFPH (dK ,Kω/ω0,KkBT/ω0)[
P˜2dK (ω, T )− P˜2dK (−ω, T )
]
(B2)
and
〈IsfDC〉 =
λ2sfqs
2pi2α2
sin θ sinφAB
J
(
2c
(+)
K , 2c
(−)
K ,Kω/ω0,KkBT/ω0
)
[
P˜2dK (ω, T )− P˜2dK (−ω, T )
]
. (B3)
The finite temperature modulating functions are
now18,21
H(ξ, x, y) = 2pi
Γ(2ξ)
Γ(ξ)
e−2piξy
sinh
(
x
2y
)ℑ


eix
Γ
(
ξ + i x2piy
)
Γ
(
1− i x2piy
)2F1
(
ξ, ξ − i x
2piy
, 1− i x
2piy
; e−4piy
)
 (B4)
and
J(ξ1, ξ2, x, y) = pi
Γ (ξ1 + ξ2)
sinh
(
x
2y
) ℑ


e−2piξ1τ
Γ(ξ2)
e−ix
Γ
(
2 + i x2piy
)
Γ
(
(ξ1+ξ2)
2 − i x2piy
) 2F1
(
ξ1,
(ξ1 + ξ2)
2
+ i
x
2piy
, 2 + i
x
2piy
; e−4piy
)
−e
−2piξ2y
Γ(ξ1)
eix
Γ
(
−i x2piy
)
Γ
(
(ξ1+ξ2)
2 − i x2piy
)2F1
(
ξ2,
(ξ1 + ξ2)
2
− i x
2piy
,−i x
2piy
; e−4piy
)
 , (B5)
where ℑ{...} indicates the imaginary part and
2F1 (a, b, c; z) is the hypergeometric function.
39
The finite temperature electron Green’s function is (for
ω, kBT ≪ ωc)
10
P˜ξ(ω, T ) =
(
2pikBT
ωc
)ξ−1
e
− ω2kBT
ωc
B
[
ξ
2
− i ω
2pikBT
,
ξ
2
+ i
ω
2pikBT
]
(B6)
being B [a, b] the Euler Beta function.39
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